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COEFFICIENT ESTIMATES FOR SPECIAL SUBCLASSES OF
k-FOLD SYMMETRIC BI-UNIVALENT FUNCTIONS
WAGGAS GALIB ATSHAN, SIBEL YALÇIN and RASHA ABBAS HADI
Abstract. In the present paper, we consider two new subclasses NΣk (µ, α, τ) and
NΣk (µ, β, τ) of Σk consisting of analytic and k-fold symmetric bi-univalent functions
defined in the open unit disc U = {z : z ∈ C and |z| < 1}. For functions belonging
to the two classes introduced here, we derive their normalized forms. Furthermore,
we find estimates of the initial coefficients |ak+1| and |a2k+1| for these functions.
Several related classes are also considered and connections to previously known
results are made.
1. Introduction
Let S denote the family of functions analytic in the open unit disc
U = {z : z ∈ C and |z| < 1} ,
and normalized by the conditions f(0) = f ′(0)− 1 = 0 and having the form:





Also, let A denote the subclass of functions in S which are univalent in U . The
Koebe One Quarter Theorem (e.g., see [3]) ensures that the image of U under
every function f (z) ∈ S contains the disk of radius 14 . It is well known that every
function f has an inverse f−1 satisfying:
f−1(f(z)) = z, (z ∈ U) and f(f−1(w)) = w,
(




f−1(w) = g(w) = w − a2w2 + (2a22 − a3)w3 − (5a32 − 5a2a3 + a4)w4 + · · · . (1.2)
A function f ∈ S is said to be bi-univalent in U if both f and f−1 are univalent
in U . Let Σ denote the class of all bi-univalent functions in U . Let Σ denote the
class of all bi-univalent functions in U . Examples of functions in class Σ are
h1(z) =
z







, z ∈ U .
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For each function f ∈ A, the function h(z) = k
√
f(zk), (z ∈ U , k ∈ N) is univalent
and maps the unit disc U into a region with k-fold symmetry. A function is said
to be k-fold symmetric (see [7, 8]) if it has the following normalized form:




kj+1, (z ∈ U , k ∈ N). (1.3)
We denote Sk the class of k-fold symmetric univalent functions in U , which are
normalized by the series expansion (1.3). In fact, the functions in the class A are
one-fold symmetric.
Analogously to the concept of k-fold symmetric univalent functions, their study
gives some important results, such as the one saying that a function f ∈ Σ gen-
erates a k-fold symmetric bi-univalent function for each k ∈ N. Furthermore, for
the normalized form of f given by (1.3), we obtain the series expansion for f−1 as
follows:




2(k + 1)(3k + 2)a
3
k+1 − (3k + 2)ak+1a2k+1 + a3k+1
]
w3k+1 + · · · ,
where f−1 = g. We denote by Σk the class of k-fold symmetric bi-univalent func-
tions in U . For k = 1, the formula (1.4) coincides with the formula (1.2) of the
class Σ.



















Recently, many authors investigated bounds for the various subclasses of k-fold
symmetric bi-univalent functions (see [1,2,4, 10,11,13]). This work aims to intro-
duce the new subclasses NΣk (µ, α, τ) and NΣk (µ, β, τ) of Σk and find estimates of
the coefficients |ak+1| and |a2k+1| for functions in each of these new subclasses.
2. Main Results
Definition 2.1. A function f ∈ Σk given by (1.3) is said to be in the class
NΣk (µ, α, τ) if the following conditions are satisfied:∣∣∣∣arg(1 + 1τ
[
(1− µ) (zf ′(z)− f(z))
(1− µ)f(z) + µzf ′(z)
])∣∣∣∣ < απ2 (2.1)
and ∣∣∣∣arg(1 + 1τ
[
(1− µ) (wg′(w)− g(w))
(1− µ)g(w) + µwg′(w)
])∣∣∣∣ < απ2 (2.2)
(0 < α ≤ 1; 0 ≤ µ < 1; τ ∈ C\{0}; z, w ∈ U),
where the function g = f−1 is given by (1.4).
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Definition 2.2. A function f ∈ Σk given by (1.3) is said to be in the class






(1− µ) (zf ′(z)− f(z))









(1− µ) (wg′(w)− g(w))
(1− µ)g(w) + µwg′(w)
])
> β (2.4)
(0 ≤ β < 1; 0 ≤ µ < 1; τ ∈ C\{0}; z, w ∈ U),
where the function g = f−1 is given by (1.4).
Lemma 2.3. (See [6]) If h ∈ P, then |ck| ≤ 2 for each k ∈ N, where P is the
family of all functions h analytic in U , for which
Re(h(z)) > 0, (z ∈ U)
where
h(z) = 1 + c1z + c2z2 + · · · , (z ∈ U).
Theorem 2.4. Let f ∈ NΣk (µ, α, τ) (0 < α ≤ 1; 0 ≤ µ < 1; τ ∈ C\{0}) be of

















(1− µ) (zf ′(z)− f(z))







(1− µ) (wg′(w)− g(w))
(1− µ)g(w) + µwg′(w)
]
= [q(w)]α, (2.7)
where the functions p(z) and q(w) are in P and have the following series represen-
tations:
p(z) = 1 + pkzk + p2kz2k + p3kz3k + ... (2.8)
and
q(w) = 1 + qkwk + q2kw2k + q3kw3k + .... (2.9)
Now, equating the coefficients in (2.6) and (2.7), we obtain
k(1− µ)
τ
ak+1 = αpk, (2.10)
(1− µ)k
τ








ak+1 = αqk, (2.12)
(1− µ)k
τ
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= α2(p2k + q2k). (2.14)
From (2.11), (2.13) and (2.14), we get
2k2(1− µ)2a2k+1
τ













k2(1− µ)2 [1 + α(2τ − 1)] .





|1 + α(2τ − 1)|
.
This gives the desired bound for |ak+1| as asserted in (2.5). In order to find the




2a2k+1 − (k + 1)a2k+1
]

















Applying Lemma 2.3 once again for the coefficients pk, p2k, qk and q2k, we readily
obtain
|a2k+1| ≤




The following theorem finds the estimates of the coefficients |ak+1| and |a2k+1| for
functions in the class NΣk (µ, β, τ). 
Theorem 2.5. Let f ∈ NΣk (µ, β, τ) (0 < β ≤ 1; 0 ≤ µ < 1; τ ∈ C\{0}) be of




k(1− µ) , (2.16)
|a2k+1| ≤








(1− µ) (zf ′(z)− f(z))
(1− µ)f(z) + µzf ′(z)
]





(1− µ) (wg′(w)− g(w))
(1− µ)g(w) + µwg′(w)
]
= β + (1− β)q(w), (2.18)
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where p(z) and q(w) have the forms (2.8) and (2.9), respectively. By suitably




ak+1 = (1− β)pk, (2.19)
2k(1− µ)a2k+1 − k(1− µ)(1 + kµ)a2k+1
τ







ak+1 = (1− β)qk, (2.21)
2k(1− µ)
[
(k + 1)a2k+1 − a2k+1
]
− k(1− µ)(1 + kµ)a2k+1
τ
= (1− β)q2k. (2.22)
From (2.19) and (2.21), we find









Adding (2.20) and (2.22), we have
2k2(1− µ)2a2k+1
τ
= (1− β) (p2k + q2k) .





This is the bound on |ak+1| asserted in (2.16). In order to find the bound on
|a2k+1|, by subtracting (2.22) from (2.20), we get
2k(1− µ)
[
2a2k+1 − (k + 1)a2k+1
]
τ





τ(1− β) (p2k − q2k)
4k(1− µ) .
It follows from (2.23) and (2.24) that
a2k+1 =





τ(1− β) (p2k − q2k)
4k(1− µ) .
Applying Lemma 2.3 once again for the coefficients pk, p2k, qk and q2k, we easiliy
obtain
|a2k+1| ≤




For one-fold symmetric bi-univalent functions and τ = 1, Theorem 2.4 and Theo-
rem 2.5 reduce to Corollary 2.8 and Corollary 2.9, respectively, which were proven
very recently by Frasin [5] (see also [9]). 
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Definition 2.6. A function f ∈ Σ given by (1.1) is said to be in the class
NΣ(µ, α) if the following conditions are satisfied:∣∣∣∣arg( zf ′(z)(1− µ)f(z) + µzf ′(z)
)∣∣∣∣ < απ2
and ∣∣∣∣arg( wg′(w)(1− µ)g(w) + µwg′(w)
)∣∣∣∣ < απ2
(0 < α ≤ 1; 0 ≤ µ < 1; z, w ∈ U),
where the function g = f−1 is given by (1.2).
Definition 2.7. A function f ∈ Σ given by (1.1) is said to be in the class











(1− µ)g(w) + µwg′(w)
)
> β
(0 ≤ β < 1; 0 ≤ µ < 1; z, w ∈ U),
where the function g = f−1 is given by (1.2).

























If we set µ = 0 and τ = 1 in Theorem 2.4 and Theorem 2.5, then the classes
NΣk (µ, α) and NΣk (µ, β) reduce to the classes NαΣk and N
β
Σk investigated recently
by Srivastava et al. ([12]).
Definition 2.10. A function f ∈ Σk given by (1.3) is said to be in the class
NαΣk (0 < α ≤ 1) if the following conditions are satisfied:∣∣∣∣arg(zf ′(z)f(z)
)∣∣∣∣ < απ2 (z ∈ U)
and ∣∣∣∣arg(wg′(w)g(w)
)∣∣∣∣ < απ2 (w ∈ U)
and where the function g is given by (1.4).
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Definition 2.11. A function f ∈ Σk given by (1.3) is said to be in the class













> β (w ∈ U),
and where the function g is given by (1.4).
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